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In this paper we present some results on the existence of /c-kernels and (k, [)-kernels in 
digraphs which generalize the following Theorem of P. Duchet [2]: “If every directed cycle of 
odd length in a digraph D has at least two symmetrical arcs, then D has a kernel.” 
Introduction 
The concept of (k, I)-kernel of a digraph D was introduced by Kwasnik [3,4], 
who also obtained a theorem about the existence of k-kernels in strongly 
connected digraphs which is a generalization of Richardson’s Theorem, In this 
paper we present a generalization of the result of Kwasnik. 
For general concepts we refer the reader to [l]. Let D be a digraph; V(D) and 
F(D) will denote the sets of vertices and arcs of D respectively. An arc u1u2 E FD 
is called asymmetrical (resp. symmetrical) if uzul 4 F(D) (resp. u2ul E F(D)). 
The asymmetrical part of D (resp. symmetrical part of D), which is denoted by 
Asym(D) (resp. sym(D)) is the spanning subdigraph of D whose arcs are the 
asymmetrical (resp. symmetrical) arcs of D. 
The chromatic number of a digraph D is denoted by x(D), and if C is a 
directed walk we will denote by 1(C) its length. 
By the directed distance d&x, y) from the vertex x to vertex y in a diagraph D 
we mean the length of the shortest path from x to y in D. 
Let k and 1 be natural numbers with k 3 2 and 12 1. A set J G V(D) will be 
called a (k, Q-kernel of the digraph D if: 
(1) for each x’ fx E J we have d,(x, x’) 3 k. 
(2) for each y E (V(D) -J), there exists x E J such that dD(y, x) < 1. 
A k-kernel is a (k, k - 1)-kernel; for k = 2 and I= 1 we have a kernel in the 
sense of Berge [l]. 
2. On the existence of k-kernels in digraphs 
In [3] Kwasnik defined the k-kernel of a digraph and she obtained the 
following generalization of Richardson’s theorem (for strongly connected 
digraphs) . 
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Theorem 2.1. Let D be a strongly connected digraph such that every directed cycle 
of D has length = 0 (mod k), k 3 2. Then D has a k-kernel. 
In Theorem 2.2 we will see that in Theorem 2.1 are considered only digraphs 
with chromatic number at most 3. 
Lemma 2.1. Every closed directed walk of length f 0 (mod k) k 2 2, contains a 
directed cycle of length f 0 (mod k). 
Theorem 2.2. Let D be a strongly connected digraph such that every directed cycle 
of D has length = 0 (mod k). Then x(D) s 3. 
Proof. Let m. E V(D) and for each 0 G i < k let Ni E V(D) be defined as follows: 
Ni = {z E V(D)1 there exists an m,z-directed walk of length = i (mod k)}. 
(i) We claim that Ni fl Nj = 0 for i #j; i, j E (0, 1, . . . , k - l}. 
Indeed, if z E Ni n Nj then there exists an m,z-directed walk C1, such that 
I(C,) = i (mod k) and there exists an m,z-directed walk C2 with 1(C,) = j 
(mod k). Because D is strongly connected there exists a zm,-directed walk C,; 
Lemma 2.1 and the hypothesis imply l(C1 U C,) = l(C, U C,) = 0 (mod k) which is 
impossible. 
(ii) We claim that each Ni is an independent set, furthermore for X, y E Ni, 
xfy, d&,y)~k. 
Let X, y E Nj and suppose that there exists an xy-directed path T with 
l(T) s k - 1. Let C, be an m,x-directed walk, C,, an m,y-directed walk such that 
/(C.J = l(C,,) = i (mod k) and C a ymo-directed walk. Lemma 2.1 and the 
hypothesis imply that 1(C, U C) = l(C, U C) = 0 (mod k) and I(C, U T U 
C) = l(T) = r (mod k) where 1 < r 6 k - 1 which is impossible. 
(iii) Clearly every arc with initial endpoint in Nj has terminal endpoint in N,+l 
(notation mod k) and V(D) = U:I,, Nt. 
If k is even, it follows from (i), (ii), and (iii) that No U N2 U * * * U Nk--2 and 
N,UN,U... U Nk_i are two stable sets which cover V(D), and thus x(D) s 2. If 
on the contrary k is odd, it follows from (i), (ii) and (iii) that No U N2 U . * * U 
Nk--3,NlUN3U... U Nk_* and Nk--l form three stable sets which cover V(D), 
and thus x(D) < 3. In both cases, it is clear that each Ni is a k-kernel of D. 
Corollary 2.1. Let G be a graph, if there exists a strongly connected orientation of 
G in which every directed cycle has length = 0 (mod k), k 2 2, then x(G) s 3. 
Theorem 2.3. Let D be a digraph such that Asym(D) is strongly connected. 
Furthermore suppose that for every directed cycle y such that l(y) f 0 (mod k) 
either (a) or (b) is satisfied. 
(a) Every arc of y is a symmetrical arc of D. 
(b) y has at least k symmetrical arcs. (Notice that when l(y) s k - 1, y must 
satisfy (a).) Then D has a k-kernel. 
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Proof. Let m0 E V(D) and for each 0 6 i < k let Ni 5 V(D) be defined as follows: 
Ni = {z E V(D) 1 there exists an mOz-directed walk of length = i (mod k contained 
in Asym(D)}. 
(i) N n 8 = 0 for i fj, i, j E (0, 1, . . . , k - 1) 
The proof is similar to that of (i) in Theorem 2.2 by using directed walks in 
Asym(D) instead of directed walks in D. 
(ii) For X, y E Ni, x # y, d&, y) 2 k. 
Suppose that there exists an xy-directed path Tin D with I(T) s k - 1. Arguing 
as in the proof of (ii) in Theorem 2.2 and taking directed walks C,, C,, and C in 
Asym(D) instead of directed walks in D we conclude that C, U T U C contains a 
directed cycle of length f 0 (mod k) having at least one asymmetrical arc and 
with at most k - 1 symmetrical arcs, which contradicts the hypothesis. 
(iii) Each asymmetrical arc with initial endpoint in Nj has terminal endpoint in 
N,+l (notation mod k) and V(D) = LJ~z~ Ni. 
It follows from (i), (ii) and (iii) that each Ni is a k-kernel of D. 
For k = 2 Duchet [2] has proved that the hypothesis “Asym(D) is a strongly 
connected digraph”, is not necessary. We will show that for k 2 3 that hypothesis 
is necessary and it cannot be changed to “Asym(D) is a connected digraph”. 
Example 2.1. For k > 3 let Hk be the digraph defined as follows: 
V(Hk) = (0, 1, . . . , k* + k + l}, 
F(H,J = {(i, i + 1) 1 i E (0, 1, . . . , k* + k}} U {(k* + k -I- 1,O)) 
U {(ik + 2, ik + 1)1 i E (1, 2, . . . , k}}. 
Suppose that Hk has a k-kernel N, clearly N rl (0, 1, . . . , k - l} # 0. If i E 
(071, . . * , k-l}nN, i#l then N={i,k+i,2k+i,...,k*+i}, k*+i+l$ 
N and there is no directed path of length at most k - 1 from vertex k* + i + 1 into 
N. If 1 E N then 
N={l,k*+3,k(k-1)+3,k(k-2)+3 ,..., k+3}, 
2 $ N and there is no directed path of length at most k - 1 from vertex 2 into N. 
We conclude that Hk has no k-kernel. 
Example 2.2. For k > 3 let Dk be the digraph defined as follows: For each 
i E V(Hk). Let Tf an iz-directed path of length k in such a way that 
Tf r-l Ti” = {z}, Tfn{Hk}=i 
and let 
k=+k+l 
Dk=Hku u Tf, 
i=O 
it is easy to see that Dk has no k-kernel and Asym(D,) is a connected digraph. 
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3. On the existence of (k, Q-kernels in digraphs 
The following result is a generalization of Theorem 2.3. 
Theorem 3.1. Let D be a digraph, which satisfies the following conditions: 
(i) There exists m, E V(D) such that for every x E V(D) there exist in Asym(D) 
an xm,, - directed walk of length = i (mod k) for some Oci ~1 and an mOx- 
directed walk. 
(ii) Every directed cycle y such that l(y) f 0 (mod k) either (a) or (b) is satisfied. 
(a) Every arc of y is a symmetrical arc of D. 
(b) y has at least k symmetrical arcs. 
Then D has a (k, l)-kernel. 
Proof. Let N = {z E V(D) 1 there exists a zm,-directed walk of length = 0 
(mod k) contained in Asym(D)}. 
(1) If x, y E N. x f y then d,(x, y) 2 K. 
Let x, y EN and suppose that there exists an xy-directed path T with 
l(T) s k - 1; let C, (resp: C,,) be an xmo- (resp: ymo-) directed walk of length = 0 
(mod k) contained in Asym(D) and let C be an m,x-directed walk contained in 
Asym(D). Lemma 2.1 and the hypothesis (ii) imply that l(C U C,) =O 
(mod k), l(C U C,) = l(C U C,) (mod k) and l(CUTUC,,)=l(T)Sk-1 and 
from Lemma 2.1 it follows that there exists a directed cycle of length f 0 (mod k) 
having at least one asymmetrical arc and with at most k - 1 symmetrical arcs. 
(2) Let x E (V(D) -N), let C be an xmo-directed walk of length = i (mod k) 06 
i s 1 contained in Asym(D); clearly there exists z E V(C) such that l(z, C, mo) = 0 
(mod k) and 1(x, C, z) s k - 1, so there exists a directed path of length at most 
k - 1 from vertex x into N. 
Remark. The idea used in the proof of Theorem 2.1 is closely related to a 
construction of Neumann-Lara [5]. 
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